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From Eqs. (3,7, 13 and 14), the skin friction and heat tran-
sfer parameters/;;, and G'w are given analytically by
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Further, the velocity and enthalpy can also be calculated
from the expressions
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where
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Results and Conclusions
A comparison of the velocity and enthalpy profiles ob-

tained from the above analytical solutions for a = 10.0, /3
= 0.0, gw = O.Q,fw = 2. 5, 5.0 with the numerical results ob-
tained by quasilinearization 2 is made in Fig. 1. The critical
wall parameters/^ and G'w calculated using Eqs. (15) and (16)
are presented in Table 1, as compared with their values2 ob-
tained numerically. It is clear from the table as well as the
figure that there is good agreement for large values of the suc-
tion parameter fw. It might also be noted that, for fw = 5.0,
the longitudinal velocity overshoot is very small.

Thus, the present investigation supplies analytical solution
for the large suction case. Further, it reveals the fact that with
very large rates of suction, the velocity overshoot can be
almost eliminated even in flows with swirl characterized by
velocity overshoot in the longitudinal direction.
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Stability Predictions for Combustors
with Acoustic Absorbers and

Continuous Combustion Distributions
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Introduction

E an earlier paper1 the authors presented an analyt-
al technique suitable for determining the stability of com-

bustors with partial length liners, and with an arbitrary num-
ber of planar sources of mass and energy distributed along the
combustion chamber axis. This type of combustor model was
chosen to approximate the actual continuous combustion
distributions found in liquid rocket combustors. The ap-
proach led to a system of partial differential equations for the
source free flow between the planar sources which could be
solved under oscillatory conditions to determine the response
of the planar sources necessary to sustain periodic
oscillations. This type of analysis was chosen because a
solution of the partial differential equations for the flowfield
including mass, momentum, and energy sources was not
available at that time.

This paper presents results of calculations performed in
which the source terms are included in the analysis, and the
realistic case of a continuous distribution of combustion
sources in the axial direction is considered. These results
exhibit a qualitative similarity to the multi-zone work.
However, there is a substantial upward shift of the curves in
all cases relative to the curves obtained in the earlier ap-
proximate analysis indicating a marked increase in predicted
chamber stability. This difference in stability predictions bet-
ween the two models is traced to some important damping ef-
fects associated with the distributed source terms which are
neglected in the multi-zone model.

Analysis
If it is assumed (consistent with the earlier work1) that the

combustion product gas is a single component calorically per-
fect inviscid and nonheat conducting gas, and that drag forces
on the liquid propellant droplets and heat transfer between
droplets and gas are negligible, then the conservation
equations for the three-dimensional flowfield in the chamber
may be written in the following nondimensional form:

dp_
dt

Dq

Do

• V - p q = i

1
y

'-^-1*.
P

7-7

(continuity)

(momentum)

(2q'q(-q2)} (entropy) (1)

The associated state equations are/? = pT, p=p1/^e~a, and
T—h. In these equations pressure, density, enthalpy, and tem-
perature (p, p, h, T) are nondimensionalized through
division by their steady-state values at the injector. Q
represents the nondimensional volumetric mass source and is
normalized by division by (p*a*/R*). The velocities q and
q{ are made nondimensional through division by a*. The non-
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Fig. 1 Neutral stability curves comparing the continuous and discon-
tinuous model predictions for a ''ramp" type combustion
distribution.

dimensionalizing. factors for time and spatial coordinates are,
respectively, a*0/R* and l/R*. The nondimensional entropy
difference between the local value at a given time and the
value at the injector in the steady state is designated by a. It is
the dimensional entropy difference divided by yC*v. Here
asterisks indicate dimensional quantities, the subscript o
designates a quantity evaluated at z = 0, the subscript £ in-
dicates a liquid droplet variable, and superposed bars are used
to denote steady-state quantities.

In steady-state operation, one-dimensional flow in the z
(axial) direction is assumed. Equations (1) then lead to the
following results when the time derivatives are suppressed and
the boundary conditions w = 0 at z = 0 and peu(=pEuE are
applied (E represents nozzle entrance).

= \ Q(z')dz'Jo

*- i .oo.

Continuous Model
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Fig. 2 Comparison of continuous and discontinuous model predic-
tions for a vaporization rate controlled combustion distribution.

Vq' -n = l3p' where 0 is the local admittance function. It is
zero on the entire boundary surface of the combustor except
at the nozzle entrance and over the portion of the cylindrical
walls covered with acoustic absorbers.

If the velocity perturbation q ' is represented as V 0 -I- $ ( < / > ) ,
then introduction of a Green's function allows the conversion
of the governing equations and boundary conditions into two
integral equations. The conversion follows in general the
method used in Ref. (1) and will not be repeated here. The two
equations are

where

= l + ypu(ue-u)

= h = f=l-(y-l/2)u 2 (2)

Specification of the steady-state combustion source
distribution, Q(z) , in Eqs. (2) allows calculaton of p, p, f,u,
and a for arbitrary Q(z) .

The time-dependent governing equations are linearized by
assuming that the dependent variables can be represented as
the sum of their steady-state values and small time dependent
perturbation. Thus p=p+p', p = p + p', q = u + q', etc.
Substitution of these representations into Eq. (1), and sub-
traction of the steady-state equations lead to the following
linearized equations

i dp'
y dt

dz

1— p'y
du u dp'

—— • 4- — —
dz y dz

(mass)

dt + Vw u' -uekxVxqf + V (pf fyp) =

Q
~

p

- -T- —— (u(-u)ekp yp (momentum) (3)

Consistent with the multi-zone work o' is taken to be zero
in Eqs. (3). The boundary conditions are given by

-—-

-F2(<t>)=yf3p dd>
-^-
dz

+C(z)

O
0 ——

p

tiN is the acoustic mode for the chamber which is assumed to
be closest to the actual solution, and r]N is the associated
eigenvalue for the mode, and Q' =Q n (1 —eiwr)p'/p. n and
T are the interaction index and time lag of the sensitive time
lag combustion response model used also in Ref. (1).

The integral equations are solved using a successive func-
tional approximation technique. At each iteration step a func-
tional form for 0 is generated, and a corresponding value of
n and r is calculated. (o> is fixed in the calculation.)

Results and Conclusions
Results of calculations of the type previously described are

compared with similar results obtained using the multi-zone
approach in Figs. 1 and 2. Figure 1 compares the neutral
stability curves for the approaches for a particular combustor
configuration characterized by a steady-state combustion
distribution in which the total mass generated increases
linearly with axial length. This type of combustion
distribution is called the "ramp" combustion distribution,
following the terminology used in the earlier work. The length
to radius ratio ( L / R ) for the combustor chosen is 2.7, and
the nozzle entrance Mach number M^ is 0.33. Four neutral
stability curves are shown, corresponding to lined and unlined
chambers for the two different approaches. Areas inside
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(above) any neutral stability core are predicted regions of
linear instability, areas outside (below) the curve are regions
of linear stability. The primary mode of oscillation is the first
transverse mode characterized by a dimensionless acoustic
frequency (oj0) of 1.8413. The ratio co/w0 is shown as a
parameter along the stability limit curves. When the lined con-
figuration is evaluated, the liner is taken to cover one third of
the available wall area and to be located at the injector end. A
specific acoustic impendance K, (K= 1/7/5) of 5.0 is used to
characterize the linear damping.

As can be seen in the figure, for either the lined or unlined
case, the stability curve for the continuous model is displaced
upward from the corresponding curve for the discontinuous
(multi-zone) model. This implies that the discontinuous model
predictions overestimates the regions of linear stability, and
underestimates the linearly stable regions on the n, r plane.

Apart from this relative displacement effect the curves for
the two model are qualitatively quite similar. In both cases the
addition of a liner causes a substantial stabilizing effect (up-
ward shift of the neutral stability curve) relative to the unlined
configuration. The minimum point on the curves in all cases
occurs at a frequency close to o?0. Finally it should be noted
that the stabilizing displacement of the curve with liner ad-
dition is of the same order of magnitude as the stabilizing shift
upward caused by using the improved model. This implies
that a damping effect of the same order of magnitude as that
produced by the liner is ignored in the multi-zone work.

Figure 2 is a similar type of plot for a different steady-state
combustion distribution. The distribution in this case is one
predicted using a vaporization controlled mass generation
model. This distribution is described more fully in Ref. 1.
Only lined configurations are considered in Fig. 2, with L/R
= 2.0, A>10.0, M^ =0.1984, and co0 = 1.8413. The upward
displacement of the stability limit curve for the continuous
model relative to the discontinuous model, as well as a general
qualitative similarity of the curves, is present also for this
distribution.

With the results previously given in mind the question
naturally arises as to what is neglected in the multi-zone
model which accounts for its substantial underestimation of
combustor stability. The answer can be found in a term which
is present on the right-hand side of the momentum equation
which exerts a considerable damping effect. Specifically, this
term is Q' (u( — u ) / p , which is associated with the ac-
celeration a propellant element experiences as it is generated.
This is a source dependent term and does not appear in the
differential equations for the multi-zone model. Neither is it
accounted for in the matching (boundary) conditions between
successive source free zones. As a result this important dam-
ping effect is lost in the multi-zone results and renders the
predictions of that approach substantially and systematically
in error.
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E is customary to neglect certain lower order terms
i the formulation of thin-shell equations. The classical

equation of motion for thin shells are given in textbooks.1

The terms neglected normally, do not give rise to significant
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Fig. 1 Cylindrical shell.

errors in the values of the natural frequencies when the
thickness is small. However, when the thickness is large, the
terms can change values of the natural frequencies significant-
ly and also can modify the frequency spectrum. This Note is
intended to show how the frequency spectrum gets modified
when these lower order terms are included.

Figure 1 shows a cylindrical shell of length L, radius R, and
thickness /. Using the classical assumptions of normals to the
middle surface before deformation remaining normal to the
middle surface after deformation and assuming negligible
shear strains, we have the strain displacements relationships
in the form

exx = u,x-zw,xx (la)

1 1 z
v>6+ -TT7— H>- ,n . . „ w,ee (lb)* R

R+z
R

R+z
2R+z

R(R+z)

(R+z)R
, U,8

R+z

The subscripts, 0, and, x indicate partial derivatives with
respect to 0 and x, respectively, and xx, etc., represent dif-
ferentiation twice. The stress-strain relationships are

(2a)

(2b)

(2c)

= E' (exx

e=E' (eee+vexx)

with

E' =E/(l-v2) (3)

where E is the Young modulus, G is the shear modulus and v
is the Poisson ratio.

The displacement at any point in the shell u, v, w can be
expressed in terms of the midplane displacements as

u — u — v = v — s(w, Q — v) /R (4)

Assuming sinusoidal oscillations, the maximum kinetic
energy may be written as

T' -^ Jil 2 ) (R+z)dxdzde (5)

and the maximum strain energy Ue as

> +0x8^x0) (R+z)dxdzdB (6)

where o> is the natural frequency and p is the mass density of
the shell. Using Eqs. (1-4) in Eqs. (5) and (6) and utilizing the
principle of stationarity of the Lagrangian, the dynamical
equations of motion may be obtained as

u,xx+Alu,ee+A2v,xe+A3w,x+A4u

[A5w,xxx+A6w,xee+A7w,x]=0 (la)


